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Entanglement between two scalar fields in an expanding spacetime
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We study the evolution of the two scalar fields entangled via a mutual interaction in an expanding
spacetime. We compute the logarithmic negativity to leading order in perturbation theory and show
that for lowest order in the coupling constants, the mutual interaction will give rise to the survival of
the quantum correlations in the limit of the smooth expansion. The results suggest that interacting
fields can codify more information about the underlying expansion spacetime and lead to interesting
observable effects.
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Introduction - Entangled states as firstly described
in the seminal paper of Einstein, Podolsky and Rosen [1]
has been the subject of many studies, principally due to
the fact that they has emerged as indispensable physi-
cal resource for the performance of present-day quantum
information tasks, such as quantum communication [2],
quantum teleportation [3], quantum cryptography [4], su-
perdense coding [5] and quantum computation [6]. Re-
cently, much attention has been directed to understand-
ing how these correlations behave in a relativistic set-
ting [7]. From the practical viewpoint a good example
is Relativistic Quantum Metrology, which exploits non-
inertial effects on quantum entanglement to develop ex-
tremely high-precision parameter estimation protocols,
with signal-to-noise ratios that may achieve the Heisen-
berg limit [8]. These metrology protocols have been em-
ployed to conceive precision measurements of Unruh tem-
peratures and effects of gravity on entanglement [9][10]
[11], as well as to conceive novel schemes for gravita-
tional wave detection which may provide feasible alter-
natives to experiments such as LIGO ( Laser Interferome-
ter Gravitational-Wave Observatory) and may be within
technological reach in the near future [12, 13].
However, the interest on relativistic effects on entan-
glement does not arise only from its role as a resource for
quantum information tasks. Sometimes entanglement it-
self may actually encode the parameters of interest in
relativistic settings. One example is given by the pa-
rameters of the large-scale spacetime metric. It has long
been known that in the context of expanding spacetimes
in general, pairs of entangled particles are dynamically
created into modes of opposite momenta of a free scalar
field [15] for instance. The amount of entanglement gen-
erated by a period of expansion may be determined by
the spacetime metric. Therefore [16], [17], and [18] sug-
gest that measurement of these quantum correlations of-
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fers a tool to estimate the parameters that characterize
the scale factor. Moreover in [19, 20] it is discussed that
cosmic neutrinos may encode entanglement generated in
the early universe epoch which could possibly survive to
be detected, since they interact very weakly with other
sources of energy and matter.
The role of interactions is evidently important in this
proof-of-principle level as new phenomena occur, such as
a competition between multiparticle production from the
vacuum and thermalization [21, 22]. In this context the
interaction leads the system towards equilibrium, while
the spacetime expansion deviate the system from equi-
librium because of entropy production and particle cre-
ation. Interacting processes over this type of spacetime
background can lead, depending on statistics, either to
gravitational amplification or attenuation of particle cre-
ation [23], and the exact impact these effects will have on
the amount of entropy and quantum correlations gener-
ated has many subtleties [24, 25]. Moreover, in the con-
text of inflationary theory [26, 27], there are several works
which point out how the different aspects of the quantum-
to-classical transition of quantum inflaton fluctuations
are realized and favored when the inflaton participates
in interacting processes in general [28–30]. Therefore,
the ubiquitous interactions between fields could possibly
supress the modewise entanglement initially present at
one of them. If strong enough, they could render it im-
possible to use as suggested above.
Thus, it is interesting to quantify and understand the
effect of self-interactions and interactions between quan-
tum fields on particle creation, entropy generation and
quantum entanglement during a period of spacetime ex-
pansion. Of course, treating interactions in quantum field
theory over expanding spacetimes faces several technical
difficulties, which tend to obscure the analysis of basic
qualitative features of quantum information measures.
In this short letter we study a simple toy model with
two scalar fields mutually interacting and generating bi-
partite correlations in an expanding spacetime. In partic-
ular, we investigate the effects that an expanding space-
time has on the interaction between the modes of a mass-
less scalar field φ and of a massive scalar field ψ. We
2evaluate the logarithmic negativity to leading order in
perturbation theory and investigate the expansion effect
on the entanglement between the fields φ and ψ. Our
results suggests a possible competition between entangle-
ment production by interaction and thermalization gen-
erated by expansion. This means that in the regime of
smooth expansion ρ
ωk
≪ 1 the interaction provide an
important contribution to the survival of the quantum
correlations in the distant future.
The φψ model - Let us consider two real scalar fields
φ and ψ in a spatially flat Robertson-Walker spacetime
with metric
ds2 = a2(η)
(
dη2 − dx2) , (1)
where a(η) is the scaler factor and η =
∫
dt
a(t) is the con-
formal time ranging from −∞ to ∞. The action of the
system reads
S =
1
2
∫
d4x
√−g[∂µφ∂µφ+ ∂µψ∂µψ +m2ψ2 + 2λφψ],
where g is the determinant of the metric tensor gµν and λ
is the coupling parameter normalized such that, |λ| ≪ 1.
The dynamics of the fields φ and ψ in the interaction
picture are governed by the covariant from Klein-Gordon
equations in the curved spacetime
φ(η, x) = 0, (2)
(+m2)ψ(η, x) = 0, (3)
and the state vector |Ψ〉 of the system satisfies the
Schrodinger’s equation
HI |Ψ〉 = i∂η|Ψ〉, (4)
where HI is the normal ordered interaction Hamiltonian
HI = λ
∫
dx
√−gφ(η, x)ψ(η, x). (5)
The canonical quantization of the fields φ and ψ are
identical to that in the free field case. Thus one has that
φ(η, x) =
∫
dk(akφk + a
†
kφ
∗
k), (6)
ψ(η, x) =
∫
dk(bkψk + b
†
kψ
∗
k), (7)
with
φk(η, x) =
eikx√
2π
uk(η), (8)
ψk(η, x) =
eikx√
2π
vk(η), (9)
where the operators ak, a
†
k, bk, and b
†
k satisfy the usual
commutation relations [ak, a
†
k′ ] = [bk, b
†
k′ ] = δk,k′ , and uk
and vk are solutions of the equations
u′′k(η) + k
2uk(η) = 0, (10)
v′′k (η) + (k
2 + a2(η)m2)vk(η) = 0. (11)
We suppose that a2(η) = 1 + ǫ(1 + tanh(ρη)), where
ǫ and ρ controlling the volume and rapidity of the ex-
pansion, respectively. The spacetime becomes flat since
a2(η) is sufficiently smooth and approaches constant val-
ues in the distant past a2(η → −∞) = 1 and far future
a2(η → ∞) = 1 + 2ǫ, as illustrated in figure (1). In
such asymptotic regions Poincare´ invariance guarantees
the existence of a time-like Killing vector field ∂η orthog-
onal to all spacelike hypersurfaces of constant conformal
time, and therefore there is an unambiguous way to dis-
tinguish positive- and negative-frequency modes solution
of the field equations (10) and (11).
in−region
out−region
1
FIG. 1: Conformal factor for a toy model universe which pos-
sess asymptotic regions.
In this scenario in which spacetime possesses stationary
asymptotic regions, the solutions of the equation (10) in
the asymptotic regions are equivalent, i.e.,
uink = u
out
k =
e−ikη√
2k
. (12)
Notice that in the particular case of two spacetime dimen-
sions the theory of massless scalar field is conformally in-
variant, and as a consequence no particles are present in
the asymptotic future. On the other hand, the solutions
of the equation (11) in the asymptotic regions are
vink =
e−iω
in
k η√
2ωink
, in-region, (13)
voutk =
e−iω
out
k η√
2ωoutk
, out-region, (14)
where ωink =
√
k2 +m2 and ωoutk =
√
k2 + (1 + 2ǫ)m2.
These asymptotic solutions are connected by a Bogoli-
ubov transformation that only mixes modes of the same
momentum k:
vink (η) = αkv
out
k (η) + β−kv
out∗
k (η), (15)
where the Bogoliubov coefficients αk and βk satisfy the
normalization condition |αk|2− |βk|2 = 1. In this partic-
3ular case they are readily evaluated to
αk =
√
ωoutk
ωink
Γ(1− iωink
ρ
)Γ(− iωoutk
ρ
)
Γ(− iω+
ρ
)Γ(1 − iω+
ρ
)
,
βk =
√
ωoutk
ωink
Γ(1− iωink
ρ
)Γ(
iωoutk
ρ
)
Γ( iω−
ρ
)Γ(1 + iω−
ρ
)
, (16)
where ω± =
1
2 (ω
out
k ± ωink ). In the interaction picture,
the Bogolyubov coefficients carry information only about
noninteracting contribution to the total particle creation.
Entanglement state - Now, let us assume that the
composite system φ and ψ in the distant past, is a global
vacuum (initial condition) for a given mode |0φk ; 0ψp 〉in.
This vacuum state is annihilated by both ak and bp.We
denote the φ vacuum by |0φk〉in and ψ vacuum by |0ψp 〉in .
Thus the particle creation due to the mutual interaction
can be calculated by evaluating the S-matrix to leading
order in the interaction picture. Thus to lowest order in
λ,
S = 1− i
∫ ∞
−∞
HIdη = 1− iλ
∫
d2x
√−gφψ. (17)
To this order such an interaction produces particles in
pairs as depicted in figure (2), where the probability am-
plitude is given by
in〈1φk ; 1ψp |S|0k; 0p〉in = −2!iλ
∫
d2x
√−gφ∗kψ∗p,
= λδ(k + p)A(k, p), (18)
where
A(k, p) =
−i
π
∫ ∞
−∞
dηa2(η)u∗ink (η)v
∗in
p (η). (19)
k
p
FIG. 2: Particle creation out of the vacuum by mutual inter-
action.
Inserting the asymptotic mode functions (12) and (13)
in A(k, p), we obtain [14]
A(k, p) =
−i
2π
√
kωp
∫ ∞
−∞
dηa2(η)e−i(k+ωp),
=
π(1 + ǫ)δ(k + ωp)√
kωp
+
ǫ√
2kωpρ
1
k + ωp
π
sinh( pi2ρ(k + ωp))
. (20)
The first term proportional to the delta function gives no
contribution to pair creation process, as it amounts to a
shift in the scale factor [15]. Thus we find
A(k, p) =
ǫ√
2kωpρ
1
k + ωp
π
sinh( pi2ρ (k + ωp))
. (21)
This term expresses a thermal like profile of the vacuum
generated by the interaction over the spacetime evolu-
tion.
The initial vacuum state of the total system |0φk ; 0ψp 〉in
to lowest order in λ reads
|Ψ〉 = N [|0φk ; 0ψp 〉in
+
1
2!
∫
dkdpin〈1φk ; 1ψp |S|0k; 0p〉in|1φk ; 1ψp 〉in + ...],
(22)
where 2! is the symmetry factor and N is the normaliza-
tion factor
N−2 = 1 +
1
2!
∫
dkdp|in〈1φk ; 1ψp |S|0k; 0p〉in|2. (23)
Note that (22) is a bona fide entangled state described
by the Hilbert space H = Hφ⊗Hψ. This means that the
mutual interaction generates bipartite quantum correla-
tions between the fields φ and ψ.
Consider that the vacuum state |0ψp 〉in in the asymp-
totic past correspond to a two-mode squeezed state from
the point of view of an inertial observer in the asymptotic
future
|0ψp 〉in =
√
1− γp
∞∑
n=0
γnp |nψp , nψ−p〉, (24)
where γp =
∣∣∣ βpαp
∣∣∣2. Since that we are working a single
mode, we will drop the frequency index k.
Similarly, the one-particle excitation in the in-vacuum
|1ψp 〉in evolves as
|1ψp 〉in = (1 − γp)
∞∑
n=0
γnp
√
n+ 1|n+ 1ψp , nψ−p〉. (25)
However, note that for the field φ, |0φk〉in = |0φk〉.
Using the equations (24) and (25), we can rewrite the
equation (22) in terms of out-region Fock states for the
field ψ
|Ψ〉 = N [√1− γp ∞∑
n=0
γnp |0φk ;nψp , nψ−p〉+ λ
∫
dpA(p,−p)
× (1− γp)
∞∑
n=0
γnp
√
n+ 1|1φk ;n+ 1ψp , nψ−p〉+ ...],
This state enable us to construct the density matrix of
whole tripartite state ρˆφψk,p,−p = |Ψ〉〈Ψ| which includes
modes of the two fields. Since an inertial observer in the
4out-region has no access to modes −p, the state ρˆφψk,p,−p
will be projected into a mixed state by tracing over all
states with modes −p
ρˆ
φψ
k = Tr−p[ρˆ
φψ
k,p,−p] = (1− γk)
∞∑
n=0
γnk ρˆ
φψ
n , (26)
where
ρˆφψn = |0φk ;nψk 〉〈0φk ;nψk |
+ λA(k)
√
1− γk
√
n+ 1|1φk ;n+ 1ψk 〉〈0φk ;nψk |
+ λA∗(k)
√
1− γk
√
n+ 1|0φk ;nψk 〉〈1φk ;n+ 1ψk |
+ λ2|A(k)|2(1− γk)(n+ 1)|1φk ;n+ 1ψk 〉〈1φk ;n+ 1ψk |
+ ... (27)
Logarithmic negativity - The most adequate sep-
arability criterion to estimate the quantum correlation in
mixed quantum states is the partial transpose criterion
of Peres-Horodecki [31, 32]. This criterion state that,
if a density matrix is entangled, then its partial trans-
pose has some negative eigenvalues and hence lacks the
positivity required by all density matrix. It follows that
the positivity of the partial transpose (PPT) is a neces-
sary condition for system, specifically bipartite systems
of dimensionality 2× 2 and 2× 3. In higher dimensional
systems it has been shown in [32] that there are entan-
gled states with positive partial transpose. These states
are known as bound entangled states. Thus, to quantify
entanglement we use the logarithmic negativity defined
as:
EN = log2[1 + 2N ], (28)
where N = max{0,−∑j νj} and ν′js are the nega-
tive eigenvalues of the partial transpose density matrix.
Thus, the negative eigenvalues qualifies and quantifies
the entanglement of quantum in a mixed state. It has
been proved that this quantity exhibits monotonic be-
havior under Local Operation and Classical Communica-
tion (LOCC) operations or operators that conserves PPT
[33].
The partial transpose of (27) is obtained by exchanging
|nφk ;nψk 〉〈mφk ;mψk | → |mφk ;nψk 〉〈nφk ;mψk |
ρˆ
φψT
k = (1− γk)
∞∑
n=0
γnk ρˆ
φψT
n , (29)
with
ρˆφψTn = |0φk ;nψk 〉〈0φk ;nψk |
+ λA(k)
√
1− γk
√
n+ 1|0φk ;n+ 1ψk 〉〈1φk ;nψk |
+ λA∗(k)
√
1− γk
√
n+ 1|1φk ;nψk 〉〈0φk ;n+ 1ψk |
+ λ2|A(k)|2(1− γk)(n+ 1)|1φk ;n+ 1ψk 〉〈1φk ;n+ 1ψk |
+ ... (30)
This matrix is infinite dimensional, however it has a
block-diagonal structure which allows us to calculate the
eigenvalues analytically block by block. Note that the
eigenvalues corresponding to the first and last diagonal
entries of the matrix are always positive. Therefore, we
must simply diagonalize the matrix
ρˆφψTn =
(
λ2|A(k)|2 (1−γk)n
γk
λA(k)
√
1− γk
√
n+ 1
λA∗(k)
√
1− γk
√
n+ 1 γk
)
It follows that the eigenvalues of the density matrix ρˆφψTn
in the (n, n+ 1) sector are
ν± =
(1 − γk)γnk
2
[
λ2A2(k)n(1 − γk)
γk
±
√
Zn
]
, (31)
with
Zn =
(
λ2A2(k)n(1− γk)
γk
)2
+ 4λ2A2(k)(1 − γk).
Note that the eigenvalues depend on the values of λ, ǫ
and ρ. In particular, for λ, ǫ and ρ finites, one of the
eigenvalues is always negative. Only in the limit ǫ, ρ →
∞ could the negative eigenvalue vanishing (ν → 0). It
follows that the logarithmic negativity is given by
EN = log2[1 + λ
2A2 + γk +
∞∑
n=0
(1− γk)γnk
√
Zn]. (32)
By a numerical analysis of this expression, summarized
in figure (3), our first observation is that a degradation
of the entanglement generated by the interaction occurs
during the period of expansion. Figure (3) shows that if
λ is fixed, the degree of entanglement is reduced as the
parameter ρ increases. On the other hand, we observe
that for small values of ρ there is an enhancement in
the amount of the quantum correlation as λ increases.
This is due to the fact that the interaction destroys the
conformal symmetry of the theory.
FIG. 3: Logarithmic negativity as function of the ρ for differ-
ent coupling constants 0.0005 ≤ λ < 0.001 with k = m = 1
and ǫ = 40, where higher spectral peaks correspond to strong
couplings.
Notice that the effects of degradation, counteracting
entanglement production by interaction, is dominant in
5the fast expansion regime, so that entanglement sudden
death is expected in the distant future. However, in the
limit of smooth expansion ρ
ωk
≪ 1 the quantum corre-
lation between the quantum fields in the early universe
could survive up to the distant future despite decoherence
effects due to interactions. This means that in principle
these quantum correlations are robust enough to be de-
tectable. Since recent researches has discussed that an
initially entangled state between two free massive scalar
fields in de Sitter space might affect cosmological observ-
ables, such as the power spectrum and other correlation
functions of the inflaton [34, 35].
Conclusion - In summary, we have studied a simple
toy model of two scalar fields interacting in an expanding
spacetime. We applied a S-matrix scheme in the interac-
tion picture to investigate the effect of the dynamics of
spacetime expansion in quantum entanglement generated
by mutual interaction. In addition, we computed the
logarithmic negativity to leading order in the coupling
constant λ. Our results show that an increase in the ex-
pansion parameter produces a decreasing in the quantum
entanglement between two scalar fields whereas increas-
ing the coupling constant within the limit of perturbation
theory enhances quantum entanglement.
These results suggest that during the period of cosmic
expansion, the interaction is important to the survival
of the quantum correlations. More realistic extensions of
the ideas explored here may lead to interesting observable
effects. This is interesting, since entanglement and quan-
tum coherence are affected by the dynamics spacetime.
Another important aspect of this problem that deserves
further study is related to the nature of the interaction.
One possible avenue for further research along this line
is to study the effect of other types of interactions, for
instance, weak interaction responsible by radioactive de-
cay, Yukawa interaction (gφψψ), pion-proton scattering
(gφ2ψψ), electromagnetic interaction, and a number of
other decay process.
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